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Abstract
Crowdsourcing label generation has been a
crucial component for many real-world machine learning applications. In this paper,
we provide finite-sample exponential bounds
on the error rate (in probability and in expectation) of hyperplane binary labeling rules
for the Dawid-Skene (and Symmetric DawidSkene ) crowdsourcing model. The bounds
can be applied to analyze many commonly
used prediction methods, including the majority voting, weighted majority voting and
maximum a posteriori (MAP) rules. These
bound results can be used to control the error
rate and design better algorithms. In particular, under the Symmetric Dawid-Skene model
we use simulation to demonstrate that the
data-driven EM-MAP rule is a good approximation to the oracle MAP rule which approximately optimizes our upper bound on
the mean error rate for any hyperplane binary labeling rule. Meanwhile, the average
error rate of the EM-MAP rule is bounded
well by the upper bound on the mean error
rate of the oracle MAP rule in the simulation.

1. Introduction
There are many tasks that can be easily carried out
by people but tend to be hard for computers, e.g. image annotation and visual design. When these tasks
require large scale data processing, outsourcing them
to experts or well trained people may be too expenInternational Conference on Machine Learning 2013 Workshop: Machine Learning Meets Crowdsourcing. Atalanta,
Georgia, USA. 2013.
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sive. Crowdsourcing has recently emerged as a powerful alternative. It outsources tasks to a distributed
group of people (usually called workers) who might be
inexperienced on these tasks. However, if we can appropriately aggregate the outputs from a crowd, the
aggregated results could be as good as the results by
experts. (Dawid & Skene, 1979; Smyth et al., 1995;
Snow et al., 2008; Whitehill et al., 2009; Raykar et al.,
2010; Yan et al., 2010; Welinder et al., 2010; Liu et al.,
2012; Zhou et al., 2012).
The flaws of crowdsourcing are apparent. As each
worker is paid purely based on how many tasks that
she has completed (for example, one cent for labeling
one image) and no ground truth are available to evaluate how well she has performed in the tasks, some
workers may randomly submit answers independent
of the questions when the tasks assigned to them are
beyond their expertise. Moreover, workers are usually not persistent. Some workers may complete many
tasks, while the others may only finish very few tasks
even one task.
Then we have a question. In spite of these drawbacks,
is it still possible to get reliable answers in a crowdsourcing system? In fact, majority voting has been
able to generate fairly reasonable results (Snow et al.,
2008; Raykar et al., 2010; Liu et al., 2012; Zhou et al.,
2012). However, majority voting treats each worker’s
result as equal in quality, and does not distinguish a
spammer from a diligent worker. So we can expect that
majority voting can be significantly improved upon.
The first work on crowdsourcing might be due to
Dawid & Skene (1979). They assumed that each
worker is associated with an unknown confusion matrix. Each off-diagonal element represents misclassification rate from one class to the other, while the diagonal elements represent the accuracy in each class. Ac-
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cording to the observed labels by the workers, the maximum likelihood principle is applied to jointly estimate
unobserved true labels and worker confusion matrices.
The likelihood function is non-convex. However, a local optimum can be obtained by using expectationmaximization (EM) algorithm. It can be naturally
initialized by using majority voting.
The method by Dawid & Skene (1979) can be naturally extended by adding feature vectors (Raykar et al.,
2010) or using prior over worker confusion matrices
(Raykar et al., 2010; Liu et al., 2012). When considering binary labeling, we call the confusion probabilistic model by Dawid & Skene (1979) the Dawid-Skene
model. If one simplifies the assumption to consider a
symmetric confusion matrix for binary labeling, then
it is referred to as the Symmetric Dawid-Skene model.
Karger et al. (2011a) provide asymptotic error bounds
for majority voting and also their iterative algorithm.
However, the error bound for their specific iterative algorithm cannot be generalized to other prediction rules
in crowdsourcing and the asymptotic bounds may not
be that practical since we always only have finite number of tasks. Additionally, their results depend on the
assumption that the same number of items were assigned to each worker, and the same number of workers
labeled each item. According to the analysis in (Liu
et al., 2012) by Liu et al., this assumption is restrictive
in practical case.
In this paper, we focus on providing bounds on the error rate under crowdsourcing models of which the effectiveness on real data have been evaluated in (Dawid
& Skene, 1979; Raykar et al., 2010; Liu et al., 2012).
Our main contributions are as follows: (1) We provide
error rate bounds in probability and in expectation
for a finite number of workers and instances under the
Dawid-Skene model (with the Symmetric Dawid-Skene
model as a special case). (2) We provide error bounds
for an oracle Maximum A Posterior (MAP) labeler.
Under the Symmetric Dawid-Skene model, we use simulation to demonstrate that the data-driven EM-MAP
rule approximates well the oracle MAP rule and the
MAP rule approximately optimizes the upper bound
on the mean error rate for any hyperplane rule.

2. Problem setting
Assume that a set of workers are assigned to label
certain items that are available on the Internet. For
instance, whether an image of an animal is that of a
cat or a dog, or if a face image is male or female.
In this paper, we will focus on binary labeling. Formally, suppose we have M workers, and N items.

For convenience, we denote [M ] = {1, · · · , M } and
[N ] = {1, · · · , N }. The response matrix is denoted
M ×N
by Ze ∈ {±1}
, in which Zeij is the label of the
j-th item given by the i-th worker. What we observe is Z, which is a realization of random matrix
Ze with missing entries and called label matrix. ThereM ×N
fore, Z ∈ {±1, 0}
,where Zij is the label of the
j−th item given by the i-th worker. It will be 0 if the
corresponding label is missing.
Throughout the paper, we use yj as the true label for jth item, and ŷj as the predicted label for the j-th item
by an algorithm. At the same time, any parameter
with a hat ˆ is an estimator for this parameter.
2.1. Problem formulation
Let π = P(yj = 1) for any j ∈ [N ] denotes the prevalence of label “+1” in the true labels of the items.
We introduce the indicator matrix T = (Tij )M ×N ,
where Tij = 1 indicates that entry (i, j) is observed, i.e.
the i-th worker has labeled the j-th item. And Tij = 0
indicates entry (i, j) is unobserved. Note that T and
Z are observed together in our crowdsourcing setting,
and Tij = I (Zij 6= 0) = I (Zij = 1) + I (Zij = −1) .
The sampling probability matrix Q = (qij )M ×N ,
where qij = P(Tij = 1). If every entry is sampled with
the same probability, which is called constant probability sampling strategy or with constant probability sampling distribution, we will denote the sampling probability matrix Q as scalar q ∈ (0, 1]. Therefore, the
entries in label matrix are constant probability sampled means that each worker has probability q to label
any item.
We will discuss two models that we use for modeling
the quality of the workers. They were first proposed
by Dawid & Skene (1979):
Dawid-Skene model: we distinguish the accuracy
of workers on the positive class and the negative class.
Some workers might work better on labeling the items
with true label “+1”, and some might work better at
labeling the items with true label “-1”. That is, we
model each worker as tossing two biased coins, and
their true positive rate (sensitivity) and true negative
rate (specificity) are denoted as follows respectively:
for i = 1, 2, · · · , M
p+
i := P(Zij = 1|yj = 1, Tij = 1),

(1)

p−
i

(2)

:= P(Zij = −1|yj = −1, Tij = 1).

Then
the parameter
set will be
n
o
+ − M
pi , pi i=1 , Q, π under this model.

Θ

=
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Symmetric Dawid-Skene model: we assume that
the i-th worker labels the item correctly with a fixed
probability wi = P(Zij = yj |yj , Tij = 1). In this case,
no matter whether the item is from positive class or
negative class, the worker can label it correctly with
the same
accuracy. o Therefore, the parameter set is
n
M
Θ = {wi }i=1 , Q, π .
Under both models above, the posterior probability of
the label for each item to be “+1” is defined as:
ρj = P(yj = 1|Z, T, Θ),

∀j ∈ [N ].

(3)

Given an estimation or a prediction rule, suppose
that its predicted label for item j is ŷj , then our
objective
is to minimize the error rate, i.e. e =
PN
1
I
(ŷ
j 6= yj ).
j=1
N
Since the error rate is random, we are also interested in
its expected value (i.e., the mean error rate), defined
as:
N
1 X
E[e] =
P(ŷj 6= yj ).
(4)
N j=1
The rest of the paper is organized as follows. In Section
3, under the Dawid-Skene model, we present finitesample bound on the error rate of a hyperplane rule
with a high probability and also a bound on the mean
error rate. In Section 4, we will apply our analysis to
the label inference by Maximum Likelihood method,
and illustrate the bound on oracle Maximum A Posteriori classifier under the Symmetric Dawid-Skene
model.
Note that we will state the main results and defer the
proofs to the supplementary materials.

3. Error rate bounds
In this section, we provide finite-sample bounds on error rate of any hyperplane rule under the Dawid-Skene
model and on the mean error rate as well.
3.1. Bounds on the error rate under the
Dawid-Skene model
A hyperplane rule is a rectified linear function of the
observation matrix Z in a high dimensional space:
given an unnormalized weight vector ν = (ν1 , · · · , νM )
and an shift constant a, for the jth item, the rule estimates its label as
!
M
X
νi Zij + a .
ŷj = sign
i=1

This method is also called linear threshold rule. It is a
very general rule with special cases including the most

common method, majority voting (MV) corresponding
to all weights being 1.
Next we present two general theorems to give finitesample error rate bounds for hyperplane (linear threshold) rule under the Dawid-Skene model. Before that,
we want to define some notations as
! follows:
M
X
Λ+
qij νi (2p+
(5)
j =
i − 1) + a
i=1

Λ−
j

=

M
X

!
qij νi (2p−
i

− 1) − a

(6)

i=1
−
Λ+
j ∧ Λj
||ν||
j∈[N ]

t1 = min

φ(x) = e−

−
Λ+
j ∨ Λj
||ν||
j∈[N ]

and t2 = max

x2
2

x∈R
x
1−x
D(x||y) = x ln + (1 − x) ln
y
1−y

, x, y ∈ (0, 1),

where || · || is L2 norm, x ∧ y is min {x, y} and x ∨ y is
max {x, y}.
Theorem 1. For a given sampling probability matrix
Q = (qij )M ×N , let ŷj be the estimate obtained using
hyperplane rule with weight vector ν and shift constant
a. For any  ∈ (0, 1), we have the following bounds on
the error rate in probability.
q
(1) When
t1 ≥ 2 ln 1 ,


N
X
1
I (ŷj 6= yj ) ≤  ≥ 1 − e−N D(||φ(t1 )) . (7)
P
N j=1
q
1
(2) When
t2 ≤ − 2 ln 1−
,


N
1X
P
I (ŷj 6= yj ) ≤  ≤ e−N D(||1−φ(t2 )) .
N j=1

(8)

Remark: This theorem implies that t1 and t2 are
two very important quantities for controlling the error
−
rate. They depend on Λ+
j and Λj , which are functions
of the sampling probabilities qij , weights νi and shift
a in the prediction rule, and labeling quality measures
−
p+
i and pi of the i-th worker. For a fixed sampling
probability matrix, if the weights are positive, then the
better the worker over random guessing (or the bigger
2p+
i − 1) for “+1” labels and the larger the shift a, the
−
larger the Λ+
j . Similarly we can interpret Λj . Note
that usually we are free to choose ν and a, and in some
situation we can also control Q, so the most important
−
factors that we cannot control are p+
i and pi , i ∈ [M ].
To control the probability of bounding the error rate
to be at least 1 − δ, we have to solve the equation
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exp {−N D(||φ(t1 ))} = δ, which can not been solved
analytically, so we need to consider about a method
which can tell us what’s the minimum t1 for bounding
the error rate with probability at least 1 − δ. The next
theorem serves this purpose.
For notation convenience, we define two constants C
and G for , δ ∈ (0, 1):

 
1
1
1
He () +
ln
,
(9)
C(, δ) = 1 + exp

N
δ



1
1
1
G(, δ) = 1 + exp
He () +
ln
, (10)
1−
N
δ
where He () = − ln  − (1 − ) ln(1 − ).
Theorem 2. Following all the setting and notation in
Theorem 1, for ∀, δ ∈ (0, 1), we have
p
(1) if t1 ≥ 2 ln C(, δ), then


N
X
1
P
I (ŷj 6= yj ) ≤  ≥ 1 − δ.
N j=1

Proof. By plugging in qij = q and manipulating the
inequality in Theorem 2, we can easily see this result.

Remark: we can see that, under constant probability sampling, the average accuracies of the workers on
both positive samples and negative samples have to be
high enough, relative to random guessing, to maintain
a good performance of prediction by majority voting.
3.2. Bounds on the error rate under the
Symmetric Dawid-Skene model
Under the Symmetric Dawid-Skene model, we assume
that the labeling accuracies on both positive samples
and negative samples are the same for each worker,
which is to say
wi = P(Zij = 1|yj = 1, Tij = 1)
= P(Zij = −1|yj = −1, Tij = 1).
(11)
PM
1
Let w̄ = M
i=1 wi be the average accuracy of the
workers.

p
(2) If t2 ≤ − 2 ln G(, δ), then


N
X
1
I (ŷj 6= yj ) ≤  < δ.
P
N j=1

There is another method as a special case of hyperplane rule called weighted majority voting (WMV). For
WMV, the predicted
label for the j-th item is given
P
M
by ŷj = sign
α
with the weight vector
i=1 i Zij
PM
α = (α1 , · · · , αM ) and kαk2 = i=1 αi2 = 1.

To gain more insights, we now give some corollaries to
cover special cases of Theorem 2.

The conditions simplify and hence are easier to interpret in the Symmetric Dawid-Skene model for the
WMV method to have an error rate below a certain
threshold.

Note that the majority
(MV) method uses the
Pvoting 
M
prediction ŷj = sign
i=1 Zij , i.e. νi = 1 ∀i ∈ [M ].
Bounds on error rate of MV under Dawid-Skene model
thus follow easily from Theorem 2. Moreover, we are
interested in the case that majority voting with the
entries constant-probability sampled, or when the investigator randomly assigns tasks to random workers,
and then takes the majority as the prediction.
Corollary 3. For the majority voting rule with constant probability sampling q ∈ (0, 1], and ∀, δ ∈ (0, 1),
(1) if
)
(P
r
M
−
+ PM
p
p
1 1 ln C(, δ)
i=1 i
i=1 i
,
≥ +
,
min
M
M
2 q
2M
 P

N
then P N1 j=1 I (ŷj 6= yj ) ≤  ≥ 1 − δ.
(2) If
(P

M
i=1

p+
i

PM

p−
i

)

1 1
max
,
≤ −
M
M
2 q
 P

N
then P N1 j=1 I (ŷj 6= yj ) ≤  < δ.
i=1

r

ln G(, δ)
,
2M

Corollary 4. Under the Symmetric DawidSkene model,
suppose the prediction
func
PM
tion is ŷj
=
sign
Let
i=1 αi Zij .
PM
t1
=
minj∈[N ] i=1 qij αi (2wi − 1) and
PM
t2 = maxj∈[N ] i=1 qij αi (2wi − 1). Then ∀ ∈ (0, 1),
q
(1) if
t1 ≥ 2 ln 1 , then
 P

N
P N1 j=1 I (ŷj 6= yj ) ≤  ≥ 1 − e−N D(||φ(t1 )) ;
q
1
(2) if t2 ≤ − 2 ln 1−
, then
 P

N
P N1 j=1 I (ŷj 6= yj ) ≤  ≤ e−N D(||1−φ(t2 )) .
Proof. It follows from Theorem 1 by taking p+
i = wi
and p−
=
w
,
ν
=
α
.
i
i
i
i
Next we consider another special case of majority voting with constant probability sampling entries, i.e.
qij = q for ∀i ∈ [M ], j ∈ [N ].In this case, the weight
of each worker is the same, so αi = √1M .
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Corollary 5. Under the Symmetric Dawid-Skene
model, for majority voting with constant probability
sampling q ∈ (0, 1], for any  ∈ (0, 1), if
r
1
1 1
1
w̄ ≥ +
ln ,
(12)
2 q 2M


 P
N
then P N1 j=1 I (ŷj 6= yj ) ≤  ≥ 1 − e−N D(||ψ) ,
where ψ = e

2

−2M q (w̄−0.5)

2

.

Corollary 8. For majority voting with constant sampling probability q ∈ (0, 1],
(1) if

PM

where t1 = min
(2) If

Proof. It follows from Theorem 1 by taking qij = q,
νi = αi = √1M and a = 0.

3.3. Bounding the mean error rate
Oftentimes, one is also interested in bounding the
mean error rate for general hyperplane rule. The
mean error rate gives the expected proportion of items
wrongly labeled. The results specified with majority
voting under both the Symmetric Dawid-Skene and
Dawid-Skene models will be obtained in this section.
Theorem 6. Under the same setting with Theorem 1,
(1) if

t1 ≥ 0,

then

 2
N
t
1 X
P (ŷj 6= yj ) ≤ exp − 1 ;
N j=1
2
(2) if

t2 ≤ 0,

then

 2
N
1 X
t
P (ŷj 6= yj ) ≥ 1 − exp − 2 .
N j=1
2
To prove this theorem, we are going to present another
theorem which can provide the bounds on the mean
error rate of each individual item. This can also have
individual interest since it tells us the probability of
labeling a specific item wrong.

p+
i

PM

p−

i
≥ 21 and i=1
≥ 12 , then
M
M
N
2 2
1 X
P (ŷj 6= yj ) ≤ e−2M q t1 ,
N j=1

i=1

PM

n PM

i=1

p+
i

M

p+
i

,

PM

i=1

p−
i

o

M

PM

− 12 .

p−

i
≤ 12 and i=1
≤ 12 , then
M
M
N
2 2
1 X
P (ŷj 6= yj ) ≥ 1 − e−2M q t2 ,
N j=1

i=1

where t2 = min

n PM

i=1

M

p+
i

,

PM

i=1

M

p−
i

o

− 12 .

Proof. It follows from Theorem 6 by taking a = 0,
νi
√1 ∀i ∈ [M ], and qij = q.
||ν|| =
M

Remark: The corollary above implies that the mean
error rate will decay exponentially w.r.t. M as long
as the average accuracies of labeling on both positive
samples and negative samples are better than random
guessing.
One of the main results in (Karger et al., 2011b) is
similar to the following corollary for majority voting
under the Symmetric Dawid-Skene model. Note their
result is asymptotic (N → ∞) but our result is applicable to both asymptotic and finite sample scenarios.
Corollary 9. For the majority voting under the Symmetric Dawid-Skene model and constant probability
sampling q ∈ (0, 1],
w̄ > 21 ,
then
−2M q 2 (w̄− 12 )2
;
j=1 P (ŷj 6= yj ) ≤ e

(1) if
PN
1
N

w̄ < 21 ,
then
2
1 2
P
(ŷ
=
6
y
)
≥
1
− e−2M q (w̄− 2 ) .
j
j
j=1

(2) if
PN
1

Theorem 7. (Bounding the mean error rate of
each item) Under the assumptions of Theorem 6 ,and
for any j ∈ [N ], let
−
−
Λ+
Λ+
j ∨ Λj
j ∧ Λj
τj,min =
and τj,max =
, (13)
||ν||
||ν||
 2 
τ
(1) if τj,min ≥ 0, then P(ŷj 6= yj ) ≤ exp − j,min
;
2
 2 
τ
(2) if τj,max ≤ 0, then P(ŷj 6= yj ) ≥ 1 − exp − j,max
.
2

Proof. The Symmetric Dawid-Skene model is a special
case of Dawid-Skene model by adding constraints wi =
−
+
p+
i = pi ∀i ∈ [M ]. Using wi to replace both pi and
−
pi in Corollary 8, we easily obtain the results. Note
that when w̄ = 21 , the inequalities in this corollary are
trivial.

Due to the complicated form, Theorem 6 might not
be very intuitive. Let us look at some special simple
cases to gain more insights.

Remark: this corollary tells us that the mean error
rate will exponentially decay with M increase if the average accuracy of labeling by the workers is better than

N
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random guessing, and the gap between the average accuracy and 0.5 plays an important role in the bound.
In particular, it implies
(1) if limM →∞
 w̄ >
 that
PN
1
1
P
(ŷ
=
6
y
)
=
,
then
lim
j
j
M →∞ N
j=1
2
0;

and (2) if limM →∞
<
 w̄
PN
1
limM →∞ N j=1 P (ŷj 6= yj ) = 1.

1
2,

ui

=

Γ

=

then

4. Crowdsourcing via data-driven
EM-MAP rule

p+
1 − p+
π
i
i
,
ν
=
ln
a = ln
,(14)
i
−
− ,
1−π
1 − pi
pi
v
uM
X
1u
2
t
(max {ui , νi , 0} − min {ui , νi , 0}) . (15)
2 i=1

ln

Furthermore, let us define:
Υ+
j

=

M
X

!


+
qij (ui − νi )pi + νi + a ,

(16)

!


qij (ui − νi )p−
i − ui − a ,

(17)

i=1

If we know the posterior probability ρj (defined in (3))
of the label of each item, then the Bayesian classifier
predict ŷj = 2I (ρj > 0.5) − 1.
Thus if we estimate the posterior ρj well, we can apply
the same rule to predict the true label with the estimated posterior probability. One natural way to approach it is to apply the Maximum Likelihood method
to the observed label matrix in order to estimate the
parameter set Θ and consequently the posterior.
4.1. Maximum A Posteriori (MAP) rule and
the oracle MAP rule
Generally, we can apply the EM algorithm to obtain
the maximum likelihood estimate for the parameters
(Dawid & Skene, 1979) and the posterior ρ̂j . With ρ̂j ,
each item can be assigned with the label which has the
largest posterior, that is, the prediction function with
MAP rule is ŷj = 2I (ρˆj > 0.5) − 1, where ρˆj is the
estimated posterior probability. We call this method
the EM-MAP rule.
However, the EM algorithm can not guarantee convergence to the global maximum of the likelihood function. Thus the estimated parameters might not be
close to the true parameters and similarly for the estimated posterior.
Now, we consider the oracle MAP rule, which knows
the true parameters and thus uses the true posterior
in MAP rule to label items. Recall that the prediction
function for the oracle MAP rule is ŷj = 2I (ρj > 0.5)−
1, where ρj is the true posterior.
4.2. Bounds on the mean error rate of the
oracle MAP rule
We first provide bounds on the mean error rate of the
oracle MAP rule under the Dawid-Skene model in the
next theorem.
To simplify notation, we define:

Υ−
j

=

M
X
i=1

t1

=

−
Υ+
j ∧ Υj
,
Γ
j∈[N ]

min

−
Υ+
j ∨ Υj
(18).
Γ
j∈[N ]

and t2 = max

The prediction
P function of the oracle MAP rule is
M
ŷj = sign
i=1 [ui I (Zij = 1) + νi I (Zij = −1)] + a .
Note that Zij could be 0, thus the oracle MAP rule under the Dawid-Skene model is not a hyperplane rule.
Theorem 10. For the oracle MAP rule knowing the
− M
true parameters Θ = (p+
i , pi )i=1 , Q, π , its prediction function is ŷj = I (ρj > 0.5). With t1 and t2 defined as in (18) respectively, we have
PN
1 2
(1) if t1 ≥ 0, then N1 j=1 P (ŷj 6= yj ) ≤ e− 2 t1 ;
PN
1 2
(2) if t2 ≤ 0,then N1 j=1 P (ŷj 6= yj ) ≥ 1 − e− 2 t2 .
Since the Symmetric Dawid-Skene model is a special
case of the Dawid-Skene model by assuming that p+
i =
p−
=
w
,
results
in
the
last
corollary
can
be
adapted
i
i
to the Symmetric Dawid-Skene model directly. The
only difference is that t1 and t2 simplify as follows:
!
M
X
1
qij νi (2wi − 1) − |a| , (19)
t1 = min
j∈[N ] ||ν||
i=1
!
M
X
1
t2 = max
qij νi (2wi − 1) + |a| , (20)
j∈[N ] ||ν||
i=1
wi
π
where a = ln 1−π
and νi = ln 1−w
. Note that oracle
i
MAP rule under the Symmetric Dawid-Skene model is
a hyperplane rule with νi as weight and a as shift in
the prediction function. With the t1 and t2 defined as
above, the same results as Theorem 10 hold under the
Symmetric Dawid-Skene model.

As the Symmetric Dawid-Skene model is intuitive and
easy to visualize, it is a good example for illustration
and simulation.
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4.3. Exploring the oracle MAP rule under the
Symmetric Dawid-Skene model
In this section, we will be exploring the relation between the oracle and the error rate bound. For simplicity, we consider the situation that the entries in the
observed label matrix is sampled with a constant probability q ∈ (0, 1] under the Symmetric Dawid-Skene
model. It’s to mention that though we can obtain
the similar results under the Dawid-Skene model as
well, we use the Symmetric Dawid-Skene model here
for clarification.
Let us look closely at the mean error rate bound in
Theorem 6.(1). When t1 ≥ 0, we have the upper
bound for the mean error rate. Note that for prediction by a general hyperplane rule with the entries in
the label matrix sampled with a constant probability,
we have
t1 = q

M
X
|a|
νi
(2wi − 1) −
.
||ν||
||ν||
i=1

For a fixed q and t1 ≥ 0, we can optimize the upper
bound to get
(ν ? , a? )

=

1 2

argmin e− 2 t1 = argmax t1
ν∈RM ,a∈R

=

argmax
ν∈RM ,a∈R

ν∈RM ,a∈R
M
X
|a|
νi
(2wi − 1) −
q
||ν||
||ν||
i=1

⇒ νi? ∝ 2wi − 1

and a? = 0.

!

(21)

Since the strategy to choose the hyperplane as in (21)
is optimizing the upper bound of the mean error rate
instead of the mean error rate itself, we call this strategy oracle bound-optimal rule.
The prediction function of oracle MAP rule is

ŷj = sign

M
X
i=1


ln

wi
1 − wi



π
· Zij + ln
1−π

!
,

which is a hyperplane rule with weight νioracMAP =
wi
π
ln 1−w
and aoracMAP = ln 1−π
.
i
wi
Note that as |νioracMAP | = | ln 1−w
|, which will be very
i
large if wi is close to 0 or 1. So if any i ∈ [M ], wi is
too small (close to 0) or too large (close to 1), then
|aoracMAP |
||ν oracMAP || will be large and ||ν
oracMAP || will be close to
zero, especially for balanced label classes (π is close to
0.5, i.e. the chance that one item is from the positive
class is close to the chance that one item is from a
negative class).

x
Since by Taylor expansion of ln 1−x
around 12 ,

x
ln
= (4x − 2) + O
1−x



1
x−
2

2 !
.

We can see that the weight of the oracle bound-optimal
rule is the first order Taylor expansion of the oracle
MAP rule. See Fig.1(a).
By observing that the oracle MAP rule is very close
to the oracle bound-optimal rule, the oracle MAP rule
approximately optimizes the upper bound of the mean
error rate under Symmetric Dawid-Skene model. This
fact also indicates that our bound is meaningful since
the oracle MAP rule is the oracle Bayes classifier.
4.4. Comparing the EM algorithm with the
oracle MAP rule by simulation
Since it is generally hard to provide the mean error
rate bound for the EM-MAP rule due to its local optimality property, we compare it with the oracle MAP
rule through simulation. The simulation is run under
the Symmetric Dawid-Skene model with a constant
sampling probability q = 0.8 to pick workers to label
items. In the simulation, the average accuracy of the
workers varies from 0 to 1 with step size 0.02. Given
the average accuracy of the workers, it is inefficient
to use uniform sampling to sample each accuracy of
workers for matching the average accuracy. Therefore
we sampled the accuracy of workers from beta distribution Beta(a, b) with b = 2 and let the expectation
a
a+b be set to the average accuracy of workers we want
to obtain. Although the average accuracy wouldn’t
a
be exact a+b
, it will be very close to it so that we
can roughly change the average accuracy of workers
each time. For the labels of the items, there will be
half of the items with the positive labels. We used 11
simulated workers to label 300 items. The simulation
results are presented in Figure 1(b).
From Figure 1(b), we see that when the average accuracy of workers is better than random guessing, the
EM-MAP rule converges to the oracle MAP rule very
fast (the red curve in Figure 1(b) decreases really fast
when w̄ is around 0.5). It is interesting that when
w̄ < 0.5, the gap is large (close to 1). When w̄ < 0.5,
the mean error rate of the oracle MAP rule is close
to 0, which is good, while the mean error rate by the
EM-MAP rule is close to 1, i.e., nearly all of the items
are labeled wrong. This is because when all the workers have low labeling accuracy, the EM algorithm cannot recognize since there is no ground truth. But in
this case, since the oracle knows the true accuracies of
workers, it can simply flip the label from the workers.
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Figure 1. (a) Comparing the weights between oracle MAP
rule with the bound-optimal rule. (b)Comparison of the
mean error rate between the EM-MAP rule with the oracle
MAP rule.

We also plot the upper bound of the oracle MAP rule
when w̄ > 0.5, from which we can see that this theoretical bound also bounded the mean error rate of the
EM-MAP rule well.
Figure 1(b) has shown that the EM-MAP rule is a good
algorithm because it approximates the oracle MAP
rule. And from last section, we know that oracle MAP
rule is close to suboptimal oracle rule (by minimizing
the upper bound of the mean error rate). Therefore,
the EM-MAP rule is effective or has good error rate
properties.

5. Conclusion and Future work
In this paper, we have provided bounds on error
rate of hyperplane labeling rules under the DawidSkene crowdsourcing model that includes the Symmetric Dawid-Skene model as a special case.
Our bounds are in probability and in expectation, and
they hold for finite numbers of workers and items. Optimizing the mean error rate bound in the Symmetric
Dawid-Skene model and for constant probability sampling leads to a prediction rule that is a good approximation to the Bayesian classifier . And the EM-MAP
rule is shown via simulation to be close to the oracle
MAP rule under the Symmetric Dawid-Skene model,
and its error rate is bounded well by the bound on the
mean error rate of the oracle MAP rule in simulation.
To the best of our knowledge, this is the first work
on error rate bounds for the more applicable DawidSkene model for crowdsourcing. The bounds we have
obtained are useful for explaining the effectiveness of
different prediction rules/functions. In the future, we
plan to extend our results to the multiple-labeling situation and explore other types of crowdsourcing applications.
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